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NCERT Class 12 Maths — Chapter 3: Matrices

Quick Revision: Key Concepts

e Matrix: A rectangular arrangement of numbers (or functions) in rows and columns. A
matrix with m rows and n columns is said to have order m x n, and has mn elements.

¢ Types of matrices: Row matrix, Column matrix, Square matrix (m = n), Diagonal matrix,
Scalar matrix, Identity matrix, Zero (Null) matrix.

o Equality of matrices: Two matrices are equal if they have the same order and all corre-
sponding elements are equal.

e Addition/Subtraction: Defined only for matrices of the same order; add/subtract corre-
sponding elements.

e Scalar multiplication: Multiply every element of the matrix by the scalar.

e Matrix multiplication: AB is defined only if number of columns of A = number of rows
of B. If Ais m xn and B is n x p, then AB is m x p, with (AB);; = ), aitbk;. In general,
AB # BA.

e Transpose: A’ or AT is obtained by interchanging rows and columns. Properties: (A’) =
A, (A+B) = A' + B!, (kA) = kA, (AB) = B'A'.

e Symmetric matrix: A’ = A. Skew-symmetric matrix: A’ = —A (diagonal elements
are always 0).

e Every square matrix can be expressed as the sum of a symmetric and a skew-symmetric
matrix: A= 3(A+A4)+1(4-4).

¢ Elementary operations: Row/column interchange, multiplying a row/column by a non-
zero scalar, adding a scalar multiple of one row/column to another.

e Invertible matrix: A square matrix A is invertible if there exists B such that AB = BA =
I; then B = A~!. A matrix has at most one inverse. Inverse (if it exists) can be found using
elementary row/column operations.
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1 Exercise 3.1

Question 1

2 5 19 -7
In the matrix A= [ 35 -2 g 12 |, write:

V3 1 -5 17
(i) The order of the matrix  (ii) The number of elements
(iii) Write the elements aq3, a1, ass, asq, ass.

Solution: (i) The matrix has 3 rows and 4 columns, so its order is 3 x 4.
(ii) Number of elements = 3 x 4 = 12.

5
(111) a13 = 19, a1 = 35, a3z — —5, a4 — 12, a3 — 5

Question 2

If a matrix has 24 elements, what are the possible orders it can have? What if it has 13 elements?

Solution: The possible orders of a matrix with mn elements are all ordered pairs (m,n) such
that mn equals that number, since m,n are positive integers.

24 elements: 24 = 1x24=2x12=3x8=4x6=6%x4=8x3=12x2=24x1. So possible
orders are: 1 x 24, 2x 12, 3x 8, 4x6, 6 x4, 8 x3, 12x 2, 24 x 1 (8 orders in all).

13 elements: Since 13 is prime, 13 =1 x 13 = 13 x 1. So possible orders are: 1 x 13 and 13 x 1.

Question 3

If a matrix has 18 elements, what are the possible orders it can have? What if it has 5 elements?

Solution: 18 elements: 18 =1x18=2x9=3x6=6x3=9x 2 =18 x 1. Possible orders:
1x18,2x9, 3x6, 6x3, 9x2, 18 x1 (6 orders).
5 elements: Since 5 is prime, possible orders are 1 x 5 and 5 x 1.

Question 4

Construct a 2 x 2 matrix A = [a;;] whose elements are given by:

- i+3)? i i+ 24)?
(i) aij = ( B ) (i) gy = } (ili) a;j = (2)
Solution: (i) a1 = % =2, a2 = (122)2 = %, agy = (221)2 = %, agy = (222)2 =8
2 9
_ 2
.
2
(11)a11_%_1, a12—%, a21:%:2, agg—%:l
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(iii) agy = $E2 —

Construct a 3 x 4 matrix whose elements are given by:

(1) aij = 5[ =3i+4] (i) a5 =2i—j

Solution: (i) Using a;; = 3| — 3i + j|:

1 1 5 3 7
a1 =1,a12=35,a13=0, a14 =3, az1 = 3, a2 =2, az3 = 5, aga = 1, ag1 =4, azg2 = 3, azz3 = 3, @

A=

> Njot =
[CIEN I NI I
W Nviw O
IOt = NI

(ii) Using a;; = 2i — j:
a11 =1, a12 =0, a13 = -1, a14 = =2, a1 = 3, a2 = 2, as3 =1, a4 =0, az1 =5, azx =4, azz3 =3
1 0 -1 -2
A=13 2 1 0
5 4 3 2

Find the values of z,y, z from the following equations:
N4 3] |y =
oL 8- 4
Tty 2| |6 2
(i) [5 +2z xy] - [5 8
z+y+2z 9
(iii) z+z | =15
y+z 7

Solution: (i) Comparing corresponding elements: y =4, z =3, z = 1.

(ii) Comparing: x +y =6, 5+2=5=2=0, 2y = 8. From 2+ y = 6 and zy = 8: x and y are
roots of 2 —6t+8=0= (t—2)(t—4) =0=1t=2,4. Sox =2,y=4orxz =4,y =2,and z = 0.
(iiiy) x+y+2=9, z+2=5, y+z=7. Subtracting: (r+y+2)—(x+2)=9-5=y=4.
(z+y+2)—(y+2)=9-7=zx=2. Fromz+z2=5=2=5-2=3. Sox =2, y=4, z=3.

Find the value of a, b, ¢, d from the equation:

2a+b a—2b| |4 -3
5c—d 4c+3d| |11 24
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Solution: Comparing corresponding elements:
20+b=4 (1) a—2b=-3 (2) 5c—d=11 (3) de+3d=24 (4)

From (1): b = 4—2a. Substituting in (2): a—2(4—2a) = -3 =a—84+4a=-3=5a=5=a=1.
Then b=4—2(1) = 2.

From (3): d = 5¢ — 11. Substituting in (4): 4c+ 3(5c¢ — 11) =24 = 4c + 15¢ — 33 = 24 = 19¢ =
57 = c=3. Then d = 5(3) — 11 = 4.

Answer: a=1, b=2, c=3, d=4.

A = [aij]lmxn is a square matrix if:
(Aym<n B)m>n (C)m=n (D) None of these

Solution: A square matrix has an equal number of rows and columns, i.e. m = n. Correct
answer: (C) m = n.

Which of the given values of x and y make the following pair of matrices equal?

3z+7 5 | [0 y—2
y+1 2-3z| |8 4

=1l
(A) x = 5 Y= 7 (B) Not possible to find
-9 -1 -9
— = — D e — —_
©y=75="2 Do=>,y=2

Solution: Comparing corresponding elements:
3z4+7=0=>z=-%7 2-3zx=4=>z=-%

Alsob5=y—2=y="T7,and y+1=8= y =7 (consistent).

Here © = —% (from first entry) does not match z = —% (from the (2,2) entry); so no single value
of x satisfies both equations simultaneously.

Correct answer: (B) It is not possible to find the values of z and y.

Question 10

The number of all possible matrices of order 3 x 3 with each entry 0 or 1 is:
(A)27 (B)18 (C)81 (D) 512

Solution: A 3 x 3 matrix has 9 entries, each of which can independently be chosen in 2 ways (0
or 1). So the total number of such matrices = 2° = 512. Correct answer: (D) 512.
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2 Exercise 3.2

Let A = [2 4} B = [ 1 3], C= [_2 ] Find each of the following:

5
3 2| —2 5 3 4
() A+B (i) A-B (i) 34— C (iv) AB (v) BA

Solution: (i) A+ B = [2+1 4+3] = [3 7]

3-2 245| |1 7
. 21 4-3] 1 1
(“)A_B_[3+2 2—5]_[5 —3]

(iii)3A:[6 12]780314_0:[6—(—2) 12—5}:[8 7]

9 6 9-3 6-4] |6 2

: _[2(1)+4(-2) 2(3)+4(5)] _[2-8 6+20] _[-6 26

(iv) AB = [3(1)+2(—2) 3(3)+2(5)} - [3—4 9+10] - [—1 19]
1(2) +3(3)  1(4) +3

(V)BA:[ )+ (2)]_[ 2+9 4+6}_{11 10}

—2(2)+5(3) —2(4)+5(12)] |-4+15 —-8+10 11 2
Note that AB # BA, confirming matrix multiplication is not commutative in general.

Compute the following:
Q) a2+ b2 b2+ 2ab 2bc
a2+ a?+0p? —2ac —2ab

ofs 1

-1 4 -6 12 7 6
(iii) | 8 5 16|+ |8 0 5
2 8 5 3 2 4
i) [0052 x  sin? x] n [sin2 x cos? x}
sin?z  cos®z cos?z sin’z

Solution: (i) Adding corresponding elements:

a? +b%+2ab b2+ +2bc]  [(a+0b)? (
a’?+c®—2ac a®>+b2—2ab|  |(a—c)? (a—10)?
) at+a b+b| |2a 2b
~b+b a+al

0 2a
—14+12 4+7 —64+6 1 11 0
(iii) | 8+8 540 16+5| =16 5 21
243 842 544 5 10 9

@) |

cos?x +sin?z  sin? z + cos? ZE] _ [1

L9 2
. . using sin“x +cos“x =1
sin?z + cos?2x  cos?x +sin?z 1 1} (using )

Question 3

Compute the indicated products:
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o4 o[ 2] @ E] 23 a |, |33 {

I
(ii) H 2 3 4] = [2
3 3

1

~ W N
T W
S O

(iii)[()+( 2)(2) 1(2)+(-2)(3 (3)+(—2)(1)] [1—4 2-6 3—2} [—3 —4 1]
2(1)+3(2)  2(2)+33)  2(3)+3(1) 2+6 4+9 6+3 8 13 9
(iv) Row 1: [2(1) +3(0) + 4(3), 2(—3) +3(2) +4(0), 2(5) + 3(4) +4(5)] = [14,0,42]
Row 2: [3(1) 4 4(0) 4 5(3), 3(—3) +4(2) + 5(0), 3(5) + 4(4) + 5(5)] = [18, -1, 56]
Row 3: [4(1) +5(0) + 6(3), 4(—3) +5(2) + 6(0), 4(5) + 5(4) + 6(5)] = [22,—2,70]

14 0 42

= |18 —1 56
22 -2 170

v) [3(1)11(:1) 2(—2)+1(3)] _ [1 —1}

1 2 -3 3 -1 2 4 1 2
fA=1(5 0 2|,B=|4 2 5|,C=1]0 3 2|,find A+ B and B— C. Also, verify
1 -1 1 2 0 3 1 -2 3

that A+ (B —C) = (A+ B) - C.

Solution:
143 2—-1 -3+2 4 1 -1
A+B=|(5+4 0+2 245 | =19 2 7
1+2 —-14+0 1+3 3 -1 4
3—4 —-1-1 2-2 -1 -2 0
B-C=14-0 2-3 5-2|=1]4 -1 3
2—1 0+2 3-3 1 2 0
Verification: ) _ ) :
1-1 2—-2 -=-3+0 0 0 =3
A+(B-C)=|544 0-1 243 | =19 -1 5
1+1 —-1+2 1+0 | 2 1 1]
[4-4 1-1 -1-2] [0 O -3
(A+B)-C=19-0 2-3 7-2|=1(9 -1 5
3—-1 —-1+2 4-3 | 2 1 1]

Since both results are equal, A+ (B — C) = (A + B) — C is verified.
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Question 5

2 1 2 2 3 1
_ |1 2 4 _ |1 3 4 _
If A= 3 and B = , then compute 34 — 5B5.
254 P g3
3 3 5 5 5
Solution:
2 3 5 2 3 5
3A= |1 2 4f, 5B= |1 2 4
7 6 2 7 6 2
2—2 3-3 5-5 0 00
3A—-5B=1|1-1 2—-2 4—4( =10 0 0f =0
7T—-T7 6—6 2—2 0 00

|

o ram cosf sind .
Simplify: cosf [_ sind  cos 9] + sin 6
Solution:

- cos? 6
" |—sinfcosfh

cos? 6 + sin? 0

sinff —cos@
cos@ sinf
sin 0 cos 0 n sin2 0 —sin 6 cos @
cos? 6 sin @ cos 0 sin? 6

—sin @ cos 6 + sin 0 cos 6

sin @ cos @ — sin 6 cos 6
cosZ 0 + sin% 6

|

10
0 1

IR

Question 7
Find X and Y, if:
. 7
i) X+Y = [2 5

2

(ii) 2X +3Y = [4 0

O] andX—Y:[

3
0

3] and3X+2Y—[

)

2
-1

=2
5

|

4 0
2 2

2 0
11

b ==

Subtracting: 5Y = [

2 3

x5

| -av -

2 13]
14 —10
6 39
2-35 3—-%
-2 0+6

Solution: (i) Adding the two equations: 2X = {

10 0O
2 8

6 9 4 —4
12 0], 6X +4Y = [_2 10}
2 2 3
52 . Substituting back into 2X + 3Y = [4 0}:
4 _24]
5 5
22
= @
5 5
11
=

x|

(ii) Multiply first equation by 3 and second by 2: 6X + 9Y = [

5 0

1 4]. Subtracting: 2Y =
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Question 8

. v |32 1 0
FlndX,lfY—[1 4] and 2X +Y = 3 2}
. 1 0 3 2 [—2 -2
Solution: ZX[_3 2]—[1 4] 4 _2]
-1 -1
.

Question 9

. . 1 3 y 0 |5 6
Flndxandy,lfQ[O 4—1—[1 2]—[1 8]'

Solution:
2 6] [y 0] [56] [24y 6 ] _[56
[o 29;}4“{1 2]_[1 8}:[ 1 2x+2]_[1 8}

Comparing: 24+y=5=y=3,and 2z +2=8 =z = 3.

Question 10

. . . B & 1 -1 3 5
Solve the matrix equation for x,y, 2, t if 2 [y t] +3 [0 9 ] =3 [4 6]'

Solution:
9 r oz| _ |9 15 |3 3| _ |6 18 N z z| 39
y t| |12 18 0 6| [12 12 y t| |6 6

Sox=3,2=9, y=6, t =6.

Question 11

If x E] +vy [_11] = [150] , find the values of x and y.

Solution:

20 —y 10
= — :1 =
[3x+y] [5]:>2x Y 0, 3z+y=25

Adding: 52 =15=2=3. Theny=22x —10=6—-10=—4. Soz =3, y = —4.

Question 12

. r y| _|x 6 4 z+y
leen3[z w} = [_1 2w]+[z+w 3 ],ﬁnd the values of z,y, z, w.

.. [ z+4 6+z+y ; iwh (3% 39|
Solution: Right side = [_1 St atw  2w43 } . Equating with [32 3w] :

3r=x+4=x=2 Jy=6+zrz+y=2y=6+2=y=4
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z=—14+z4+w=2z=w-1 3w=2w+3=w=3

From2:=w—-1=2=2=1. Answer: x =2, y=4, z=1, w =3.

Question 13

cosx —sinz 0
If F(z) = |sinz cosz 0f, show that F(z)F(y) = F(z +y).
0 0 1
Solution:
cosx —sinz 0 [cosy —siny 0
F(z)F(y) = |sinz cosx 0] |[siny cosy O
0 0 1 0 0 1
Row 1: [cosx cosy — sinzsiny, —cosxsiny — sinz cosy, 0] = [cos(z +y), —sin(z + y), 0]
Row 2: [sinz cosy + coszsiny, —sinzsiny + cosz cosy, 0] = [sin(z +y), cos(z + y), 0]
Row 3: [0,0,1]

using the sine and cosine addition formulas. Hence

cos(x+y) —sin(z+y) 0
F(z)F(y) = |sin(z+y) cos(z+y) O =F(z+y) [
0 0 1

Question 14

Show that:
ols 71 326 L 7]

h

1 2 -3][3 -1 2 3 -1 211 2 -3
G |5 0 2|4 2 5[#£[4 2 5[5 0 2
1 -1 1]|2 0o 3 2 0 3|1 -1 1

o [5 —1][2 1] _[10-3 5-4] [7 1
Solution: (i) LHS: [6 7} [3 4]_[12+21 6+28} _[33 34}

pug. 12 1[5 1] _[10+6 —2+7] _[16 5
13 4|6 7] |15+24 —3+28  [39 25

Since [373 314] =£ [;g 255], LHS # RHS. Hence proved.
(ii) Computing the (1,1) entry of each product is enough to show inequality: LHS (1,1) entry
=1(3)+2(4)+(-3)(2) =3+8—6=>5. RHS (1,1) entry = 3(1)+ (-1)(5) +2(1) =3—-5+2=0.
Since 5 # 0, the two products are not equal. Hence, matrix multiplication is not commutative in
general.

Question 15

Find A2 —5A+61,if A= |2
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Solution:
2 0 112 0 1
A2=A.-A=12 1 3|12 1 3
1 —1 0| (1 =1 0
Row 1: [2(2) + 0(2) + 1(1), 2(0) 4+ 0(1) + 1(=1), 2(1) + 0(3) 4+ 1(0)] = [5, —1, 2]
Row 2: [2(2) + 1(2) + 3(1), 2(0) + 1(1) + 3(=1), 2(1) + 1(3) + 3(0)] = [9, -2, 5]
Row 3: [1(2) — 1(2) + 0(1), 1(0) — 1(1) + 0(=1), 1(1) — 1(3) + 0(0)] = [0, -1, —2]
5 —1 2
A’2=19 -2 5
0 —1 -2
10 0 5 6 0 0
5A= |10 5 15|, 6I=10 6 0
5 —5 0 00 6
5—10+6 —1—-04+40 2-5+0 1 -1 -3
A> —5A4+6I=19-1040 -2—-54+46 5—-15+0|=|-1 —1 =10
0-54+0 —-14+54+0 —-2—0+6 -5 4 4

Question 16

If A= , prove that A3 —6A4%2 +7A + 21 = O.

N O =
SN O
W = N

Solution: First compute A2 = A - A:

1(1) 40 +2(2) 0 1(2) +0+2(3) 5 0 8
A2=| 04+04+1(2) 0+4+0 0+2+3 =12 4 5
2(1) + 0+ 3(2) 0 2(2) + 0+ 3(3) 8 0 13
Next, A3 = A2 . A:
5 0 871 0 2 5+16 0 104+ 8+24 21 0 42
A3=12 4 5|10 2 1| =1]24+10 8 4+4+15 | =1{12 8 23
8 0 13| (2 0 3 8+26 0 16+ 13+ 39 34 0 68
Now,
30 0 48 7 0 14 2.0 0
6A%2= (12 24 30|, 7A=1|0 14 7|, 2I=10 2 0O
48 0 78 14 0 21 00 2
21 -304+7+2 0 42 — 48 + 14+ 0
A —6A?+TA+2I=[12-124040 8—24+14+2 23-30+7+0
34— 48 4+14+0 0 68 — 78 + 21 + 2
0

0 0
=10 0 0 =0 u
0 00
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Question 17

If A= [3 _2] and I = [1 O},ﬁndksotha‘c A2 =FA 2]

4 -2 01

Solution:
e_[3 23 —2]_[9-8 —6+4]_[1 -2
|4 2|4 -2 |12—-8 —-8+4| |4 —4
We need A? = kA — 21I:
1 2] _ 3 —2] _[2 0] _[3k—2 —2k
4 —4| 7|4 -2 0 2| | 4k —2k — 2
Comparing (1,1) entries: 3k —2 =1 = k = 1. (Check (1,2): -2k = -2=Fk =1V, (2,1):
dk=4=k=1Vv;(2,2): 2k—2=—-4=k=1Vv.) Answer: k= 1.

Question 18

(07
0 —tan§

tan % 0

If A= [ } and [ is the identity matrix of order 2, show that

cosa —sino
ia={ 4 [sina cos ]

Solution: Let t =tang. Then [ + A = E _175] and [ — A — [1 t}

Compute RHS = (I — A) [@S @ o a} :
sinoe  cos«
| cosa+tsina  —sina+tcosa
—tcosa +sina  tsina + cosa
2t i —
Using sina = and cosa = g
2 1+ 12 1+

1-2 422 144
1+t 1+1¢2

cosa +tsina = =1

—A+(1—t%) 2A+¢—t2 —t—> —t(1+¢)

—sina +tcosa = 112 = 1+ ¢2 T o142 1412 =
, —t(1—t*)+2t —t+t34+2t t41t3
—tcosa+sina = = = =
1+ 2 1+ ¢2 1+¢2
22 +1 -2 1+t
tsina + cosa = 1++t2 = 11t2 = 1
1 —
So RHS = [t 1t] =1+ A = LHS. Hence proved. B

Question 19

A trust fund has Rs. 30,000 to be invested in two different types of bonds: the first bond pays
5% interest per year and the second bond pays 7% interest per year. Using matrix multiplication,
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determine how to divide Rs. 30,000 among the two bonds so as to obtain an annual total interest
of (a) Rs. 1800  (b) Rs. 2000.

Solution: Let Rs. x be invested in the first bond (5%) and Rs. (30000—zx) in the second bond (7%).
88?] = 0.05z 4+ 0.07(30000 — z) = 2100 — 0.02z.
(a) For total interest Rs. 1800: 2100 — 0.02z = 1800 = 0.02z = 300 = x = 15000. So Rs. 15,000
at 5% and Rs. 15,000 at 7%.

(b) For total interest Rs. 2000: 2100 — 0.02z = 2000 = 0.02z = 100 = = = 5000. So Rs. 5,000 at
5% and Rs. 25,000 at 7%.

In matrix form, total interest = [:v 30000 — m] [

Question 20

The bookshop of a particular school has 10 dozen chemistry books, 8 dozen physics books, and
10 dozen economics books. Their selling prices are Rs. 80, Rs. 60, and Rs. 40 each respectively.
Find the total amount the bookshop will receive from selling all the books, using matrix algebra.

Solution: Number of books (in dozens x12): Chemistry = 10 x 12 = 120, Physics = 8 x 12 = 96,
Economics = 10 x 12 = 120.
Represent quantities as a row matrix and prices as a column matrix:

80
[120 96 120] 60| = 120(80) + 96(60) + 120(40)
40

= 9600 + 5760 + 4800 = 20160

Total amount received = Rs. 20,160.

Question 21

Assume X,Y, Z, W, P are matrices of order 2 x n, 3 x k, 2 X p, n x 3, p X k respectively. The
restriction on n, k,p so that PY + WY is defined are:
(A) k=3, p=n (B) kis arbitrary, p=2 (C) p is arbitrary, k=3 (D) k=2, p=3

Solution: P is p x k and Y is 3 X k; for PY to be defined we need columns of P = rows of Y,
i.e. k = 3; PY then has order p x k. W isn x 3 and Y is 3 x k; WY is defined (since k = 3)
and has order n x k. For PY 4+ WY to be defined, PY and WY must have the same order:
px k=mnxk= p=n. Correct answer: (A) k=3, p=n.

Question 22

With XY, Z, W, P as in Question 21, if n = p, then the order of the matrix 7X — 57 is:
(A)px2 B)2xn (C)nx3 D)pxn

Solution: X has order 2 x n and Z has order 2 X p. Since n = p, both matrices have the same
order 2 x n, so 7X — 57 is defined and has order 2 x n. Correct answer: (B) 2 x n.
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3 Exercise 3.3

Find the transpose of each of the following matrices:
5 1 1 -1 5 6
i | 3 (ii) [2 3] (iii) (V3 5 6
-1 2 3 -1
Solution: (i) [5 5 —1]
2
(ii) [ 1 3]
-1 V3 2
Ggi) |5 5 3
6 6 -1
-1 2 3 -4 1 =5
fA=|5 7 9land B=|1 2 0 |, then verify that:
-2 11 1 3 1

Solution
-5 3 -2 -5 6 -1
A+ B 6 9 9], (A+B)=|3 9 4
-1 4 2 -2 9 2
-1 5 =2 -4 1 1 -5 6 -1
Al = 2 7 1 , B=|1 2 3|, A+P 3 9 4
9 -5 0 1 -2 9 2

Since (A + B)' = A’ + B/, part (i) is verified.

1 8 3 4 -3

A—B= 5 9/, (A-BY=|1 5 -2
-2 0 8 9 0

—1—(-4) 5-1 -2—1 3 4 -3
A-B=| 2-1 7-2 1-3 {1 5 —2
3—(=5) 9-0 1-1 8 9 0

Since (A — B)' = A’ — B, part (ii) is verified.

3 4

IfA =|-1 2 andB:[1
0 1

i)(A+B)=A+B" (i) (A-B)=A"-PB

-1 2 1 .
9 3} , then verify that:
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3 4 3 -1 0
Solution: Since A’ = -1 2|, we have A = .
4 2 1
0 1
2 5
AJFB:[2 L 1], (A+B) =11 4
5 4 4
1 4
-1 1 3—1 441 2 5
B =2 2|, A+B =|-1+2 2+2| =11 4
1 3 0+1 1+3 1 4
Since (A + B)' = A’ + B/, verified.
4 3
A-p=|* 3 7N uBr=|=3 0
3 0 =2
=1 =2
3 (-1) 4-1 4 3
A —B'=|-1-2 2-2|=1[-3 0
0-1 1-3 =il =2
Since (A — B) = A" — B/, verified.

Cquesion s

-2 3 -1 0

[
IfA_[l 2 1 2

} and B = { },then find (A +2B)".

Solution: Since A’ = [_12 g], we get A = [_2 1].

3 2
-2 0 —4 1
=20, asan=[P ]
, [-4 5
vasy =1

CQuesion s

For the matrices A and B, verify that (AB) = B'A’, where:

Chapter-wise NCERT Maths Solutions

1
i) A= |-4|,B=[-1 2 1]
3
0
(i) A= |1|,B=[1 5 7]
2
1 -1 2 1 -1 4 -3
Solution: (i) AB=|-4|[-1 2 1]=|4 -8 —4|,s0(4B)=|2 -8 6
3 -3 6 3 1 -4 3




NCERT Class 12 Maths — Chapter 3: Matrices 15

—1 —1 -1 4 -3
A=[1 -4 3],B=|2|,soBA=|2]|[]1 -4 3]=|2 -8 6
1| 1 1 -4 3
Since (AB)" = B'A’, verified.
0 [0 0 0 01 2
(i) AB=|1|[1 5 7]=|1 5 7/|,s0(AB)= [0 5 10]|.
2 2 10 14 0 7 14
1 1 01 2
A'=[0 1 2],B'=|5|,s0B'A=|5[[0 1 2]=1{0 5 10|.
7 7 0 7 14

Since (AB)' = B'A’, verified.

Verify that A’A = I for:
(i) A= {cosoz sina] (ii) A= [ sin o cosoz]

—sina  cosa —cosa sino

. q cosa —sino
Solution: (i) A’ = | .
sina  cosa

WA — cosa —sina| | cosa  sino| cos? a + sin? a cosasina —sinacosa| |1
sina cos« —sina  cos o sin «¢ cos o — cos asin & sin? a + cos? « 0
.. sina —cosa
(il) A’ = . .
cosa  sina
WA — sina —cos« sina cosa| sin a + cos® « sinacosa — cosasina| 7
cosa  sina —cosa sina COS (¢ Sin o — Sin o cos & cos? a + sin? &

1 -1 5
(i) Show that the matrix A= |—1 2 1| is a symmetric matrix.
) 1 3
0 1 -1
(ii) Show that the matrix A= [—-1 0 1 | is a skew symmetric matrix.
1 -1 0
1 -1 5
Solution: (i) A’ = —1 2 1| = A. Since A" = A, A is symmetric.
1 3
0 —
g A=1|1 ! = —A. Since A’ = —A, A is skew-symmetric.
-1

For the matrix A = [(15 ﬂ , verify that:
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(i) (A+ A’) is a symmetric matrix (i) (A — A’) is a skew symmetric matrix

Solution: A = [1 6].

B T
, 2 11 2 11 . . :
(i) A+ A = 1 14l Its transpose is 11 14| Same as itself, so A+ A’ is symmetric.
.o / O _1 . 0 1 / ! . .
(i) A-A = 1 ool Its transpose is 1 ol T —(A—A"), so A— A’ is skew-symmetric.
0 a b
Find J(A+ A’) and 1(A— A'), when A= |—a 0 c|.
—b —c O
0 —a -0
Solution: A'=|a 0 —c
b ¢ 0

0 2a 2b 1 0 a b
A-—A'=|-2a 0 2 :>§(A—A’): —a 0 c|=A4
—-2b —2¢ O b —c 0

(This matrix A is already skew-symmetric, so its symmetric part is O and its skew-symmetric part
is A itself.)

Question 10

Express the following matrices as the sum of a symmetric and a skew symmetric matrix:
6 -2 2

) E’ _51} (i) 23 —31
) :?)i :3? _;1 (iv) {_11 g}

Solution: We use A = P + Q where P = (A + A’) (symmetric) and @ = (A — 4’) (skew-
symmetric).

(i)AI:[g jl]'P:%[g —62]:[2 —31]’62:5 —04 3]:[—02 g]

3 3 0 2
a=l3 5+ 1% 0

+
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6 -2 2
(ii) A/ =|-2 3 -—1| = A (already symmetric).
2 -1 3
6 -2 2
P=A=|-2 3 -1|, Q=0
2 -1 3
3 -2 —4
(Gii) A/ = | 3 —2 —5].
-1 1 2
, 6 1 -5 [3 3 -3
P:§(A+A')_f 1 -4 —4|=|3 -2 -2
-5 —4 4 | __g 9 9
, o 5 3] [0 35 3
Q:i(A—A’):f -5 0 6|=|-2 0 3
-3 —6 0] __% -3 0
A=P+Q
oo -1 o 124 2] , L]0 6] [0 3
(‘V)A_[s o' P=2ls 4T |2 22926 o/ T |3 o]
12 0 3
A_[2 2]+—3 0]

Question 11

If A, B are symmetric matrices of the same order, then AB — BA is a:
(A) Skew symmetric matrix  (B) Symmetric matrix = (C) Zero matrix (D) Identity matrix

Solution: Since A, B are symmetric, A’ = A and B’ = B.
(AB — BA) = (ABY — (BAY = B'A' — A'B' = BA — AB = —(AB — BA)

Since (AB — BA)' = —(AB — BA), the matrix AB — BA is skew-symmetric. Correct answer:
(A) Skew symmetric matrix.

Question 12

If A= [Z?ﬁg _Cslsnaa],thenA+A’:I, if the value of « is:
T T 3

A) — B) — D) —

WI BT ©r O

Solution: A’ = [ e a]

—sina  cosa

A+ A — [2(:05(1 0 ]

0 2 cos «
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1
For A+ A'=1= [ O},we need 2cosa=1:cosa=%$a=§. Correct answer: (B)

0 1

™

3
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4 Exercise 3.4

Using elementary row operations, find the inverse of each of the following matrices (if it exists).

1 -1
A=l ]

Solution: Write A = [ A:

Ro — Ry — 2R;: |:1 _1:|:|:1 0:|A

0 5 -2 1
1 -1 1 0
e 1L 9
10 31
R1—>R1+R21[ :|:|:52 “i’:|A

0 1] [-5 3

P I

at=|5 ]

5 5

FQuesion s

2 1
a=[7 ]
Solution: A =1A: [ } =

w4 f

2 1

R2—>R2—2R1: |:1 _1]:|: A

1 1
N ML

&%&—&wlﬂ:{l_qA
N
=] 5]
oo

nE

Solution: A=1A: [1 3} = [1 O] A

2 7 0 1

1 3 1 0
RQ*)RQ*QRl: |:0 1:|:|:_2 1:|A
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0

1 -2 1

R1—>R1—3R22 |:1 O:|=[7 _3:|A

E

Squesion s

Solution: A= 1A: [

-8

Ry — R1 — 2Rs: |:5

2 3] _[1 o0
5 7] 01
1] [

=

EN|

4

_12] A ... simplify differently:

—4 1 -1
Ri — R1 — Ro: 5 7:|:|:0 1:|A
1

mesenf - [} 1]
Ry — Ry — Ry: ;’ ;1:::—11 (ﬂA
R1 — Ry — Ry: ; :1)):_12 [1)}14
Ry — Ry — 2Ry: [(1) 1]:[_52 _12}14
Ry — Ry — Ry: (1) (1) = __57 _32]/1

Solution: A =1A: [ 2 _3] = [1 0] A

-1 2 0 1
mor |3 5= o)
mos ey =)o)
Ro — Ry — 2Ry [(1) _12]—[(1’ _21}14
Ry — Ry + 2Ry: [(1) ﬂ:ﬁ g]A

Chapter-wise NCERT Maths Solutions



NCERT Class 12 Maths — Chapter 3: Matrices 21

Squesion g

=5 s

Solution: A =1A: [g ; —[(1) (1)]14
Ry — Ri — Ry: [_52 _1] _ (1) _11],4
oo [} )= [

Ry — Ry — 2Ry: f é = __21 _ll:A
mens [y Y= [4 74

Ry — Ry — 2Ry: é (1) = _25 _31:A

SQuestion 7

A= 7 )

Solution: A=1A: [2 _6] = [1 0} A

1 =2

Ry <+ Ry: B :2]:[0 LA

R2—>R2—2R1: 1 2]:|:0 1 A

=
Ry — —3Ry: [o 1]:

Ry — Ry + 2R5: (1) O]—[_} 3:|A
2

-1 3
=l
f%l
Quesiion s
6 -3
=157

Solution: det(A) = 6(1) — (—3)(—2) = 6 — 6 = 0. Since det(A) = 0, the matrix A is singular,
and A~! does not exist.
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2 1
1= i 3

Solution: det(A) =2(2) —1(4) = 4—4 = 0. Since det(A) = 0, the matrix A is singular, and A~*
does not exist.

Question 10

Solution: A=1A: [3 _1] = [1 0] A
4 2
-1 1 1 1
Rl—)Rl—l-Rz. |:_4 2:|— |:0 1:|A

1 -1 -1 -1
—

Ry — Ry +4Ry: [(1) :;] = [;11 :;]A
mo sty 1] =[5 4]4
ey - 4
1
=l
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Question 11

1 3 -2
A=1]-3 0 -1
2 1 0

Solution: Write A =I1A. Apply Ry — Ry + 3R; and R3 — R3 — 2R;y:

1 3 =2 1 0 0
0 9 —7/=[3 104
0 -5 4 -2 0 1
1 3 -2 1 00
Apply Ry —» Ro+2R3: |0 -1 —1| =([—-1 1 2| A
0 -5 4] |[-2 01
1 3 =2 [ 1 0 0
Apply Ro > —Ro: |0 1 1| =1]1 -1 —2|A
0 -5 4 2 0 1
1 3 -2 1 0 0
Apply R > R3+5R2: |0 1 1| =11 -1 —2]A
00 9 3 -5 -9
1 3 -2 1 0 0
Apply R — §Rs: |0 1 1| =1|1 -1 —2|A4
00 1 -5 -1

Apply Ry — Ry — Rs, then R; — Ry + 2R3 — 3Ry (combined back-substitution) and simplifying,
we obtain

1 -2 -3
Al=|-2 4 71
-3 5 9

Check: AA~! = I (verified by direct multiplication).

Question 12

1 -1 2
A=|0 2 -3
3 -2 4

Solution: Write A =TA. Apply Rs — R3 — 3Ry:

1 -1 2 1 00
0 2 =3|=[|0 1 0]A
0 1 -2 -3 0 1
1 -1 2 1 00
Apply Ro <> Rs: [0 1 -2 =|-3 0 1| A
0o 2 -3 10

I

|
w
(@]
—_
BN

1
Apply Rs — R3 —2Rs: |0 1 =2
0
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Apply Ry — Ro + 2R3, R — R — 2Rs:

1 -1 0 -11 -2 4
0 1 0|=1|29 2 -3 A
0 0 1 6 1 -2
Apply Ry — R1 + Rs:
1 00 -2 0 1
01 0l=1]9 2 -3|4
0 0 1 6 1 -2
-2 0 1
Al=19 2 -3
6 1 —2

Check: AA~! = T (verified by direct multiplication).

Question 13

2 0 -1
A=1|5 1 0
01 3

Solution: Write A = I A. Applying a sequence of elementary row operations (interchanging rows,
scaling, and adding multiples of one row to another) to reduce A to I and applying the identical
operations to I, we arrive at:

Al = ]
2 0 -1 3 -1 1 1 00

Check: AA=1=1[5 1 0 -15 6 -5({=1]010|=Iv
01 3 5 -2 2 0 0 1

Question 14

2 1 3
A=[4 -1 0
-7 2 1

Solution: Write A = [A and reduce A to I using elementary row operations, applying each
operation simultaneously to I on the right. This yields:

1 5

3 —3 1
1|4 _2 _
A" =] 3 - 4

T

Check: Direct multiplication confirms AA~! =T
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Question 15

2 -3 3
A=12 2 3
3 -2 2

Solution: Reducing A to I by elementary row operations (and applying the same operations to
I) gives:

_2 3
5 0 5
—1 1 1
2 1 _2
5 5 5

1 3 -2
A=|-3 0 =5
2 5 0

2 _3
1 5 5
-1_|_2 4 wu
A - 5 25 25
3 1 9
—5 % 35

Check: Direct multiplication confirms AA™! = I.

Question 17

3 -1 -2
A=12 0 -1
3 =5 0

Solution: Reducing A to I by elementary row operations gives:

Qo=

o
|
|

[\ [SURr N [GUR N [y
ool

|t 0ol ColUt

AN

Check: Direct multiplication confirms AA~! = I.

Question 18

Matrices A and B will be inverse of each other only if:
(A)AB=BA (B)AB=BA=0 (C)AB=0,BA=1 (D)AB=BA=1

Solution: By definition, B is the inverse of A if and only if AB = BA = I (the identity matrix),
and in this case A is also the inverse of B. Correct answer: (D) AB=BA=1.
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5 Miscellaneous Exercise

CQuesiion 1

Let A = [8 (1)] . Show that (al + bA)" = a™I + na™ 'bA, where I is the identity matrix of order
2 and n € N.

Solution: We prove this by the principle of mathematical induction on n.
Base case (n = 1): (al +bA)! =al +bA=a'l +1-a"bA. True.
Inductive step: Assume the result is true for n = k: (al + bA)* = a*I + ka*~'bA. Now note

swe = [0 07 [0 =0
Forn =k + 1:
(aI +bA L = (aI +bA)*(al + bA) = (aFI + ka""1bA)(al + bA)
= a""'T + a"bA + ka"bA + kaF b2 A
Since A% = O, the last term vanishes:
= a1+ (k +1)a"bA

This matches the formula with n = k + 1. By the principle of mathematical induction, the result
holds for allm € N.

Squesion s

3n—1 3n—1 3n—1
, prove that A" = [37~1 37—l 3n=1| neN.
3n—1 3n—1 3n—1

If A=

—_ = =
—_ = =
—_ = =

Solution: We use induction on n.

1 1 1
Base case (n=1): A'=A4=3%|1 1 1|. True.
1 1 1
1 1 1
Inductive step: Assume true for n =k: A¥ =311 1 1].
1 1 1
1 1 1 1 1 1
ARt —Ab o Aa=3111 1 1] 1 1 1
1 1 1 1 1 1

Each entry of the product of two all-ones 3 x 3 matricesis 14+ 1+ 1 = 3, so

11 1] 1 1 1 111
1 1 1)1 1 1]=3|1 11
1 1 11 1 1 1 11
111 111
Hence Akl = 3k=1.311 1 1| =3*|1 1 1|, matching the formula for n = k 4+ 1. By
1 11 111
induction, the result holds for all n € N. B
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3 [1 +2n —4n

HA:[I 1—-2n

—4 e
_ 1] , prove that A" = ] , for every positive integer n.

Solution: We use induction on n.

1+2 —4 3 —4
_1). Al _ _ _
Base case (n=1): A" = 11— 2} = L _J = A. True.
Inductive step: Assume true for n = k: A* = [1 ka 1_—4]2€k]'

L _ g4 [sz —4k] [3 _4]

ko 1-2k| |1 -1
(1,1) entry: 3(14+2k) —4k =3 +6k —4k =3+2k =1+2(k+1) (1,2) entry: —4(1 + 2k) +
dk = —4 — 8k +4k = —4 — 4k = —4(k+ 1) (2,1) entry: 3k + (1 — 2k) = k+ 1 (2,2) entry:
1+2(k+1) —-4(k+1)
Ak — (1 — — Ak {9k —1_ k41 _
4k — (1 —2k) 4k — 1+ 2k 1-2k=1-2(k+1)So A [ b1 1= 2(k+1)|
matching the formula for n = k 4+ 1. By induction, the result holds for all positive integers n. W

If A and B are symmetric matrices of the same order, then show that AB is symmetric if and
only if A and B commute, that is, AB = BA.

Solution: Since A, B are symmetric, A’ = A and B’ = B.
(=) Suppose AB is symmetric, i.e. (AB)' = AB. But (AB)' = B’A’ = BA. So AB = BA.
(<) Suppose AB = BA. Then

(ABY = B'A' = BA = AB

so AB is symmetric.
Hence AB is symmetric if and only if AB = BA. R

o n o
Show that [_ccs)zlsnﬁ 0 (S;)I; Z] = [_C(S)fnng 0 22; ZZ] , for every positive integer n.
Solution: We use induction on n. Let A = CO.SQ ) .
—sinf cosf
Base case (n=1): Al = A= CO.SG sin0 . True.
—sinf cosf

Inductive step: Assume true for n = k: AF = [ e kﬁ} .

—sinkf cos k6

k+1 _ a4k 4 _ | €08 kO sinkf| | cosf sinf
A=A A= [—sink& coskf| |—sinf cosf
1): cos k@ cos @ — sin kO sin @ = cos(kf + 0) = cos(k + 1)
,2): cos kfsinf + sin k6 cos @ = sin(k + 1)0
1): —sinkfcosf — coskfsinf = —sin(k + 1)0
2)

: —sinkfsin @ + cos kf cos § = cos(k + 1)6
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So AR+ — cos(k+1)0 sin(k+ 1)
~ |—sin(k+1)0 cos(k+1)0
result holds for all positive integers n. B

If A and B are square matrices of the same order such that AB = BA, then prove by induction
that AB™ = B"A. Further, prove that (AB)" = A"B" for all n € N.

}, matching the formula for n = k + 1. By induction, the

Solution: Part 1: AB" = B"A. Base case (n = 1): AB' = AB = BA = B'A (given). True.
Inductive step: Assume AB* = B¥A. Then

AB*'! = AB*B = (AB*)B = (B*A)B = B*(AB) = B¥(BA) = B**14
So the result holds for n = k + 1; by induction it holds for all n € N.
Part 2: (AB)" = A"B". Base case (n = 1): (AB)! = AB = A'B!. True.
Inductive step: Assume (AB)F = A*B*. Then
(AB)**! = (AB)*(AB) = A*B*(AB) = A*(B*A)B
Using Part 1, B¥A = AB*, so

= A¥(AB*)B = At BB = A1 BMt!

So the result holds for n = k + 1; by induction, (AB)" = A"B" for alln ¢ N. B

Find the value of x such that:

15
1 3 2| |1 146422 7+ 2z
Solution: First compute |2 5 1| (2| =|2+10+x | = |12+
15 3 2| |z 1546+ 2z 21 + 2z
7T+ 22
Now, [I = 1] | 124z | = 1(7T+ 2z) + (12 + z) + 1(21 + 22)
21 + 22

=742+ 122 + 22+ 21 + 22 = 22 + 162 + 28
—16 4+ /256 — 112

Setting this equal to 0: 22+ 162+ 28 = 0. Using the quadratic formula: z =

2
—16+ 144 —16412
2 2
r=-2 or xz=-14
IfA= [_31 ;], show that A2 —5A4 + 71 = O. Hence find A~
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Solution:
A2 3 1 3 1] [9-1 3+2 | |8 5
-1 2| |-1 2| |-3—-2 —-1+4| |-5 3
15 5 7 0
sa= |5 A =0 )]

—1547 5—5+0]:[0 0}20 v

8
2— =
A —BA+ 71 [ 0 0

—-5+5+0 3-1047

To find A~': From A2 — 54 + 71 = O, multiply both sides by A~ (which exists since det A =
6+1=7%#0):
A-5I+T7A'=0 = TA ' =5]

etorasi (B -1 -
o

1 1 1
For the matrix A = |1 2 —3|, show that A3 — 642 +5A + 111 = O. Hence find A~ L.
2 -1 3

Solution: Computing A> = A - A:

14142 14+2—-1 1—-3+3 4 2 1
A= |14+2-6 1+4+3 1-6-9|=|-3 8 -—14
2-14+46 2—2-3 24+3+9 7 -3 14
Computing A% = A% . A:
4 2 1 1 1 1 8 7 1
A3=1-3 8 —14| |1 2 -3/ =1]-23 9 —69
7 -3 1412 -1 3 32 —13 44
Now,
24 12 6 5 5 5 11 0 0
6A2 = |—-18 48 —84|, 54=1|5 10 —15|, 11I=|0 11 0
42 —-18 84 10 -5 15 0 0 11
8 —24+54+11 T7—-124+5+0 1-64+5+0
A3 —6A% +5A+111= |-23+184+5+0 9—48+10+11 —69+84—15+0
32—-424+10+0 —134+18—-5+0 44—84+15+ 11
0 0 0
=10 0 0] =0 v
0 0 0

To find A~': Multiply A% — 642 + 54+ 111 = O by A~

A2 —6A+5I+11A47 =0 = A*1:%(6A—A2—51)
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6 6 6 4 2 1 5 0 0
6A= |6 12 —18|, A’=|-3 8 —14|, 5I=1]0 5 0
12 —6 18 7 -3 14 00 5
6—-4—5 6—2—0 6—1—0 -3 4 5
6A—A>—-5I=|6+3-0 12—-8-5 —18+14—-0|=|9 -1 —4
12-7-0 —6+3—-0 18—14—5 5 -3 -1
L [3 4 5
A*:ﬁ 9 -1 —4
5 -3 -1

Question 10

Choose the correct answer: If A is a square matrix such that A2 = A, then (I + A)3 — 7A is equal
to:

(A)A (B)I-A (C)I (D)3A

Solution:
(I+ A3 =134+317A+3IA% + A3

Since A2=A: A3=A2. A=A A=A2=A So(I+AP=T1+3A+3A+A=1+T7A.

(IT+AP—TA=T+TA-TA=1

Correct answer: (C) I.

Question 11

If the matrix A is both symmetric and skew-symmetric, then:
(A) A is a diagonal matrix (B) A is a zero matrix
(C) A is a square matrix (D) None of these

Solution: If A is symmetric, A’ = A. If A is skew-symmetric, A’ = —A. So A= -A — 24 =
O = A= 0. Correct answer: (B) A is a zero matrix.

Question 12

If A is a square matrix such that A% = I, then (A — )3 + (A + )3 — 7TA is equal to:
(A)A (B)I-A (C)I+A (D)3A

Solution: Expand using the binomial expansion (valid since I commutes with A):
(A-I1)3} =A% -3AT+3AI° - P =A%-3A+3A-1

(A+1)P =A% +3A%2+3A+1

Adding: (A—1)3+ (A+1)3 =243 +6A. Since A2 =1, we have A% = A2. A =1A = A. So this
becomes 24 + 6A = 8A.

(A—IP+(A+1)P2-7TA=8A-7TA=A

Correct answer: (A) A.
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Question 13

If A is a square matrix such that A? = I (identity matrix), find 343 — 242 —3A — I in terms of A.

Solution: Since A2 =1: A>=A%2.-A=TJA=A.
343 242 _3A-T=3A—-2I —3A—I=—3I [wait, check]
Substituting: 343 = 34, 24% = 21I.
343242 _3A_-T=3A—-2I —-3A—1T=-3I

Answer: 343 — 242 —3A - = —3[,ie., A7}(343 —2A2? — 3A — I) reduces to a scalar multiple
of the identity matrix, —31.

Question 14

Give an example of a 2 x 2 matrix A # O such that A2 = O (a nilpotent matrix), and comment
on why such a matrix cannot be invertible.

Solution: Let A = [O 1] Then

00
, o 1o 11 _[o o] _
2=[0 ollo o) =0 o =0

So A # O but A2 = O.

If A were invertible, multiplying A> = O by A~! would give A = A~'O = O, contradicting A # O.
Hence, a non-zero matrix satisfying A2 = O can never be invertible; equivalently, det(A) = 0 for
any such matrix.

Question 15

Summary Concept Check: State, with brief justification, whether the following statements are
True or False.

(i) Every skew-symmetric matrix of odd order is non-singular (i.e., invertible).

(ii) The product of two symmetric matrices is always symmetric.

(iii) If A is invertible, then (A~1)~! = A.

Solution: (i) False. For a skew-symmetric matrix A of odd order n, det(A) = det(A") =
det(—A) = (—1)"det(A) = —det(A) (since n is odd). So 2det(A) = 0 = det(A) = 0. Hence
every skew-symmetric matrix of odd order is singular (not invertible).

(ii) False, in general. As shown in Question 4, the product of two symmetric matrices A, B
is symmetric only when AB = BA; in general matrix multiplication is not commutative, so the
product need not be symmetric.

(iii) True. By definition of inverse, if B = A~! then AB = BA = I, which is exactly the condition
for A to be the inverse of B. Hence (A™1)~1 = A.
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End of Chapter 3: Matrices

All 77 questions from Exercises 3.1, 3.2, 3.3, 3.4 and the Miscellaneous Exercise are covered above.
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